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DIFFERENTIAL EQUATIONS 


«e He who seeks for methods without having a definite problem in mind 
seeks for the most part in vain. — D. HILBERT *%% 


9.1 Introduction 


In Class XI and in Chapter 5 of the present book, we 
discussed how to differentiate a given function f with respect 
to an independent variable, i.e., how to find f'(x) for a given 
function f at each x in its domain of definition. Further, in 
the chapter on Integral Calculus, we discussed how to find 
a function f whose derivative is the function g, which may 
also be formulated as follows: 





For a given function g, find a function f such that 





dy 
ae g(x), where y = f(x) sa (1) 
X 
An equation of the form (1) is known as a differential Henri Poincare 


equation. A formal definition will be given later. (1854-1912 ) 


These equations arise in a variety of applications, may it be in Physics, Chemistry, 
Biology, Anthropology, Geology, Economics etc. Hence, an indepth study of differential 
equations has assumed prime importance in all modern scientific investigations. 


In this chapter, we will study some basic concepts related to differential equation, 
general and particular solutions of a differential equation, formation of differential 
equations, some methods to solve a first order - first degree differential equation and 
some applications of differential equations in different areas. 


9.2 Basic Concepts 


We are already familiar with the equations of the type: 


x*-3x+3=0 sa (1 
sin x + cos x = 0 se (2) 
x+y=7 ed) 
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Let us consider the equation: 


d 
x2 +y =0 . (4) 
dx 


We see that equations (1), (2) and (3) involve independent and/or dependent variable 
(variables) only but equation (4) involves variables as well as derivative of the dependent 
variable y with respect to the independent variable x. Such an equation is called a 
differential equation. 


In general, an equation involving derivative (derivatives) of the dependent variable 
with respect to independent variable (variables) is called a differential equation. 


A differential equation involving derivatives of the dependent variable with respect 
to only one independent variable is called an ordinary differential equation, e.g., 

2 3 
2 uae + 2) = Q is an ordinary differential equation eel) 

ae dx 

Of course, there are differential equations involving derivatives with respect to 
more than one independent variables, called partial differential equations but at this 
stage we shall confine ourselves to the study of ordinary differential equations only. 
Now onward, we will use the term ‘differential equation’ for ‘ordinary differential 
equation’. 


1. We shall prefer to use the following notations for derivatives: 


dy , ANA hd y A 


; = 


X Er y > 
dx dx? dx” 
. For derivatives of higher order, it will be inconvenient to use so many dashes 


n 
as supersuffix therefore, we use the notation y for nth order derivative ey 


dx 





9.2.1. Order of a differential equation 


Order of a differential equation is defined as the order of the highest order derivative of 
the dependent variable with respect to the independent variable involved in the given 
differential equation. 


Consider the following differential equations: 


oe 


a e* oe (6) 
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——+y =0 eel) 


dy) (dy) 
—— |+x | —— |=0 . (8 
F E) 8) 


The equations (6), (7) and (8) involve the highest derivative of first, second and 
third order respectively. Therefore, the order of these equations are 1, 2 and 3 respectively. 


9.2.2 Degree of a differential equation 
To study the degree of a differential equation, the key point is that the differential 


4A 


equation must be a polynomial equation in derivatives, 1.e., y’, y”, y etc. Consider the 


following differential equations: 


2 
dy (dy \ dy 
d e dx ú a 
dy 4 ay -sin y =0 (10) 
dx dx i 
dy . | dy 
—+sin| — | = 
Fa i 0 ell.) 


We observe that equation (9) is a polynomial equation in y”, y” and y’, equation (10) 
is a polynomial equation in y’ (not a polynomial in y though). Degree of such differential 
equations can be defined. But equation (11) is not a polynomial equation in y’ and 
degree of such a differential equation can not be defined. 

By the degree of a differential equation, when it is a polynomial equation in 


derivatives, we mean the highest power (positive integral index) of the highest order 
derivative involved in the given differential equation. 


In view of the above definition, one may observe that differential equations (6), (7), 
(8) and (9) each are of degree one, equation (10) is of degree two while the degree of 
differential equation (11) is not defined. 
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Example 1 Find the order and degree, if defined, of each of the following differential 


equations: 
dy dy (dy) dy 
i) —-—cosx=0 ji ——+x|/— | -y—=0 
O 2 eT: f "dx 


(iii) y”+y +e =0 
Solution 


(i) The highest order derivative present in the differential equation is , SO its 


order is one. It is a polynomial equation in y' and the highest power raised to Tx 


is One, so its degree is one. 
2 


(i) The highest order derivative present in the given differential equation is We” SO 
r 


2 

d 
its order is two. It is a polynomial equation in te > and and the highest 
X 


2 
power raised to pa is one, so its degree is one. 
bi 


(iii) The highest order derivative present in the differential equation is y”, so its 


order is three. The given differential equation is not a polynomial equation in its 
derivatives and so its degree is not defined. 


EXERCISE 9.1 


Determine order and degree (if defined) of differential equations given in Exercises 
1 to 10. 


d'y ` HI ds i d's 
1. —pæsingye)=0 2. y +5y=0 3. | — | +3s —-=0 
KEN S eee A dt” 
dy Ý d d?y 
4. ei + cos d =0 5, —; =cos3x + sin 3x 
dx? dx dx 
6. (y”)? + y + SON J y5 -0 A y” iis 2y” + y -0 
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8. yrty=e@ 9. y + OY +2y=0 10. y +2y +siny=0 
11. The degree of the differential equation 


2.» 2 
69 (2) +sin{ E }+1=0 is 
X X X 


(A) 3 (B) 2 (C) 1 (D) not defined 
12. The order of the differential equation 
2 
2x2 HY 39 4 y=0 is 
dx dx 
(A) 2 (B) 1 (C) 0 (D) not defined 


9.3. General and Particular Solutions of a Differential Equation 
In earlier Classes, we have solved the equations of the type: 
xXx+1=0 ae 
sin? x — cos x =0 eet) 
Solution of equations (1) and (2) are numbers, real or complex, that will satisfy the 


given equation 1.e., when that number is substituted for the unknown x in the given 
equation, L.H.S. becomes equal to the R.H.S.. 


2 
Now consider the differential equation Ne + y=0 onto) 
X 


In contrast to the first two equations, the solution of this differential equation is a 
function ọ that will satisfy it 1.e., when the function ọ is substituted for the unknown y 
(dependent variable) in the given differential equation, L.H.S. becomes equal to R.H.S.. 


The curve y = © (x) is called the solution curve (integral curve) of the given 
differential equation. Consider the function given by 


y=0 (x) =asin (x + D), woe (4) 
where a, b € R. When this function and its derivative are substituted in equation (3), 
L.H.S. = R.H.S.. So it is a solution of the differential equation (3). 


T 
Let a and b be given some particular values say a = 2 and b = rt. then we get a 


function y=0,(x) = asin 2+ wal) 


When this function and its derivative are substituted in equation (3) again 
L.H.S. = R.H.S.. Therefore 0, is also a solution of equation (3). 
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Function ọ consists of two arbitrary constants (parameters) a, b and it is called 
general solution of the given differential equation. Whereas function 9, contains no 
arbitrary constants but only the particular values of the parameters a and b and hence 
is called a particular solution of the given differential equation. 


The solution which contains arbitrary constants is called the general solution 
(primitive) of the differential equation. 


The solution free from arbitrary constants 1.e., the solution obtained from the general 
solution by giving particular values to the arbitrary constants is called a particular 
solution of the differential equation. 


Example 2 Verify that the function y = e-* is a solution of the differential equation 


d'y d 

<> i = y=0 

dx” dx 
Solution Given function is y = e~*. Differentiating both sides of equation with respect 
to x , we get 


dy -3 
eA P (1) 
dx 
Now, differentiating (1) with respect to x, we have 
2 
gM e- 
dx’ 


2 
Substituting the values of ae and y in the given differential equation, we get 
X“ dx 


L.H.S. = 9 e *+ KIr) — 6.6% DUR 9 ea N Hl RH.S.. 
Therefore, the given function is a solution of the given differential equation. 


Example 3 Verify that the function y = a cos x + b sin x, where, a, b € R is a solution 


2 
of the differential equation e? +y=0 
X 


Solution The given function is 

y=acos x +b sinx (1) 
Differentiating both sides of equation (1) with respect to x, successively, we get 
dy . 5 
— = —aqa sinx + b cos 
ae a sinx x 
d'y 
—5 =-acosx — b sinx 
dx 
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2 
Substituting the values of and y in the given differential equation, we get 
x 


L.H.S. = (— a cos x — b sin x) + (a cos x + b sin x) = 0 = R.H.S. 


Therefore, the given function is a solution of the given differential equation. 


EXERCISE 9.2 


In each of the Exercises 1 to 10 verify that the given functions (explicit or implicit) is a 
solution of the corresponding differential equation: 








l. y=e+1 : y -y =0 
2. y=x +2x+C : y-—2x-2=0 
3. y=cosx+C : y +sinx=0 
xy 
4. — 2 7 g= 
y l+x y 14 
5. y=Ax > XV y Re 0) 
6. y=xsinx ff xy efx x’ A (x #0 andx>yorx<-—y) 
r 2 
7. xy=logy+C r= Teg (xy #1) 
8. y-—cosy=x : (ysiny+cosy+x)y=y 
9. x+y = tan'y : ypyt+y+1=0 


d 
10. y= Vg? -x x E (a, a): ety = =00#0) 


11. The number of arbitrary constants in the general solution of a differential equation 
of fourth order are: 


(A) 0 (B) 2 (C) 3 (D) 4 


12. Thenumber of arbitrary constants in the particular solution of a differential equation 
of third order are: 


(A) (B) 2 (C) 1 (D) 0 


9.4 Formation of a Differential Equation whose General Solution is given 
We know that the equation 
xX +y +2x-—4y+4=0 cn (1) 


represents a circle having centre at (—1, 2) and radius | unit. 
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Differentiating equation (1) with respect to x, we get 


dy xtl 

= ee (pee es A 

et Day OF (2) 
which is a differential equation. You will find later on [See (example 9 section 9.5.1.)] 
that this equation represents the family of circles and one member of the family is the 
circle given in equation (1). 
Let us consider the equation 

’v+ye=r .. (3) 

By giving different values to r, we get different members of the family e.g. 
xX +y = l, xX +y = 4, xX + y= 9 etc. (see Fig 9.1). 
Thus, equation (3) represents a family of concentric 
circles centered at the origin and having different radii. 


We are interested in finding a differential equation 
that is satisfied by each member of the family. The 
differential equation must be free from r because ris 
different for different members of the family. This 
equation is obtained by differentiating equation (3) with 
respect to x, 1.e., 


dy 
dx 


which represents the family of concentric circles given by equation (3). 





dy 
2x + 2y or RT, 79 a (4) 
x 


Again, let us consider the equation 
y=mx+c ven) 


By giving different values to the parameters m and c, we get different members of 
the family, e.g., 


y SA (m=1, c=0) 

y= 3x (m= 43, c=0) 

y=x+1 (m=1, c=1) 

ere (m=—-1, c=0) 

y=-x-l1 (m=—-1, c=- l) etc. ( see Fig 9.2). 


Thus, equation (5) represents the family of straight lines, where m, c are parameters. 


We are now interested in finding a differential equation that is satisfied by each 
member of the family. Further, the equation must be free from m and c because m and 
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c are different for different members of the family. y Bc a 
This is obtained by differentiating equation (5) with aN N $ 
Z 
respect to x, successively we get F Ne “i 
N 
N 
k 
d d’ V f 
< =m, and —>=0 n 6) x Xx 
dx dx NAJINO 


SN 


The equation (6) represents the family of straight 
lines given by equation (5). 
Note that equations (3) and (5) are the general y’ 
Fig 9.2 
9.4.1 Procedure to form a differential equation.that will represent a given 
family of curves 


solutions of equations (4) and (6) respectively. 


(a) If the given family F, of curves depends on only one parameter then it is 


represented by an equation of the form 
F x, y, a) = 0 


n (1) 


For example, the family of parabolas y° = ax can be represented by an equation 


of the form f (x, y, a) : y? = ax. 


Differentiating equation (1) with respect to x, we get an equation involving 


y’, y, x, and a, i.e., 
§ (x, y, y; a) = 0 


a (2) 


The required differential equation is then obtained by eliminating a from equations 


(1) and (2) as 
F(x, y, y) =0 


n- 3) 


(b) Ifthe given family F, of curves depends on the parameters a, b (say) then it is 


represented by an equation of the from 
F (x, y, a, b) = 0 


.. (4) 


Differentiating equation (4) with respect to x, we get an equation involving 


, b : 
Y, X, Y, AyD, 1.C., 


g (x, y, y, a, b)=0 


.. (5) 


But it is not possible to eliminate two parameters a and b from the two equations 
and so, we need a third equation. This equation is obtained by differentiating 


equation (5), with respect to x, to obtain a relation of the form 
h (x, y, y, y”, a, b) =0 
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The required differential equation is then obtained by eliminating a and b from 
equations (4), (5) and (6) as 


F(x, y, y, y) =0 ae) 


The order of a differential equation representing a family of curves is 


same as the number of arbitrary constants present in the equation corresponding to 
the family of curves. 





Example 4 Form the differential equation representing the family of curves y = mx, 
where, m is arbitrary constant. 


Solution We have 


y=mx T) 
Differentiating both sides of equation (1) with respect to x, we get 
dy 
n7” 
_ , , dy 
Substituting the value of m in equation (1) we get y = a X 
or X a -y =0 


which is free from the parameter m and hence this is the required differential equation. 


Example 5 Form the differential equation representing the family of curves 
y =a sin (x + b), where a, b are arbitrary constants. 


Solution We have 


y=asin(x + b) n. (1) 
Differentiating both sides of equation (1) with respect to x, successively we get 
a b 2 
g 74 OS + ) w (2) 
dy 
—5 =-asin(x +b) oat) 
dx 
Eliminating a and b from equations (1), (2) and (3), we get 
d*y 
—z ty =0 ... (4) 
dx 


which is free from the arbitrary constants a and b and hence this the required differential 
equation. 
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Example 6 Form the differential equation Y 
representing the family of ellipses having foci on 


x-axis and centre at the origin. —, 
Solution We know that the equation of said family X* ap X 
of ellipses (see Fig 9.3) is Se 


2 2 
X y r 
Pa T al (1) Y 
Fig 9.3 
Differentiating equation (1) with respect to x, we get = + z 2 =0 
a X 
2 
y 2) B 
or P ee sel2 
x 2 a’ ©) 


Differentiating both sides of equation (2) with respect to x, we get 


2) So) 








x) \ dx? X dx 
dy 2i dy 
+x| =| -y—= = 
er a dx? x dx 4 dx “ a 


which is the required differential equation. 


Example 7 Form the differential equation of the family Y 
of circles touching the x-axis at origin. 


Solution Let C denote the family of circles touching 
x-axis at origin. Let (0, a) be the coordinates of the 
centre of any member of the family (see Fig 9.4). 
Therefore, equation of family C is 


x+(y-—ay’=a’ orx + y? = 2ay wae xe x 
. . N O 
where, a is an arbitrary constant. Differentiating both 
sides of equation (1) with respect to x,we get 
dy. dy x 
2x+2y— = 2a — Í 
Aa dx m dx Fig 9.4 
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Pecos 
dy dy dx 
x+y =a = 
or y p Tk or a dy s 2) 
dx 


Substituting the value of a from equation (2) in equation (1), we get 


port 





dx 
y2 + y? = a 
dx 
d d 
or (Oe +y?) = 2xy +27 2 
dx dx 
dy 2xy 
Or ae Xy? 


This is the required differential equation of the given family of circles. 


Example 8 Form the differential equation representing the family of parabolas having 
vertex at origin and axis along positive direction of x-axis. 


Solution Let P denote the family of above said parabolas (see Fig 9.5) and let (a, 0) be the 
focus of a member of the given family, where a is an arbitrary constant. Therefore, equation 
of family P is 


y? = 4ax n. (1) 
Differentiating both sides of equation (1) with respect to x, we get 
d 
dx 


Substituting the value of 4a from equation (2) 
in equation (1), we get 


2) 
2= | 2y — | (x 
y í F (x) 
ay 
dx 
which is the differential equation of the given family 
of parabolas. 


or y? —2xy 0 
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EXERCISE 9.3 


In each of the Exercises 1 to 5, form a differential equation representing the given 
family of curves by eliminating arbitrary constants a and b. 


1. 


4. 
6. 


10. 


11. 


12. 


X sy 

—+—=] 2. Y =a (b’ - x’) Vege” + be” 
a b 

y = e” (a + bx) 5. y= Ææ (a cos x +b sin x) 


Form the differential equation of the family of circles touching the y-axis at 
origin. 

Form the differential equation of the family of parabolas having vertex at origin 
and axis along positive y-axis. 


Form the differential equation of the family of ellipses having foci on y-axis and 
centre at origin. 


Form the differential equation of the family of hyperbolas having foci on x-axis 
and centre at origin. 


Form the differential equation of the family of circles having centre on y-axis 
and radius 3 units. 


Which of the following differential equations has y = c, e” + c, e“as the general 
solution? 

d'y d'y d'y d'y 
—-+y=0 (B)—>-y=0 (©, —t1=0 (D — —1=0 

dx? Á a dx? ©) dx? 2) dx? 

Which of the following differential equations has y = x as one of its particular 
solution? 


(A) 


d°y ady d'y dy 
—— — xy" — + xy=x —— +x—+xy=x 
ae x? dx ká (B) dx? dx = 
2 e. 
y 2 dy d'y dy 
— -x +xy=0 < +x—+xy=0 
(©) dx? dx ‘“ (2) dx? dx a 


9.5. Methods of Solving First Order, First Degree Differential Equations 


In this section we shall discuss three methods of solving first order first degree differential 
equations. 


9.5.1 Differential equations with variables separable 


A first order-first degree differential equation is of the form 


O 
ph F(x, y) (1) 
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If F (x, y) can be expressed as a product g (x) h(y), where, g(x) is a function of x 
and h(y) is a function of y, then the differential equation (1) is said to be of variable 
separable type. The differential equation (1) then has the form 


ad > 
z 7.O). 8%) . (2) 
If h (y) + 0, separating the variables, (2) can be rewritten as 
T 3) 
—~ dy = g(x) dx a 
ho) * 
Integrating both sides of (3), we get 
1 
—— dy= | g(x) dx ... (4) 
h(y) J 


Thus, (4) provides the solutions of given differential equation in the form 
H(y) = G(x) + C 





1 
Here, H (y) and G (x) are the anti derivatives of ho) and g(x) respectively and 


C is the arbitrary constant. 








l FI 
Example 9 Find the general solution of the differential equation < = g »(y #2) 
x — 
Solution We have 
dy  xtl 
—we el) 
Big, w2 — y 
Separating the variables in equation (1), we get 
(2-—y) dy=(x+ 1) dx sè (2) 


Integrating both sides of equation (2), we get 
| Q-y)dy= [@+Dax 


y x 
De Se 
or y 5 5 1 
or x+y +2x-4y+2C =0 
or x? + y? + 2x — 4y + C = 0, where C = 2C, 


which is the general solution of equation (1). 
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. . l+y 
Example 10 Find the general solution of the differential equation oes 


X [4x 





Solution Since 1 + y? + 0, therefore separating the variables, the given differential 
equation can be written as 


dy oč dx 
It+y? 9 142? 








ec (1) 


Integrating both sides of equation (1), we get 


dy dx 
eee F eee 








or tan! y = tanix + C 


which is the general solution of equation (1). 


! . Ng i 
Example 11 Find the particular solution of the differential equation € =—4xy? given 
X 


that y = 1, when x = Q. 


Solution If y # 0, the given differential equation can be written as 


d 
<4 = — 4x dx oe CL) 


Integrating both sides of equation (1), we get 


[= = -4| xdx 
| y 
1 
or — =— 2x +C 
y 
or ya T M 


Substituting y = 1 and x = 0 in equation (2), we get, C=- 1. 


Now substituting the value of C in equation (2), we get the particular solution of the 





given differential equation as y = ——-. 
X Fl 


Example 12 Find the equation of the curve passing through the point (1, 1) whose 
differential equation is x dy = (2x? + 1) dx (x + 0). 
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Solution The given differential equation can be expressed as 


2 
o- Esar 


X 


or dy (2x42 ax (1) 


X 


Integrating both sides of equation (1), we get 


| ay = f(2r+4 jax 


or y=x*+loglxl+C EZ) 
Equation (2) represents the family of solution curves of the given differential equation 
but we are interested in finding the equation of a particular member of the family which 
passes through the point (1, 1). Therefore substituting x = 1, y = 1 in equation (2), we 
get C =0. 
Now substituting the value of C in equation (2) we get the equation of the required 
curve as y = x? + log Ixl. 


Example 13 Find the equation of a curve passing through the point (—2, 3), given that 


the slope of the tangent to the curve at any point (x, y) is = 


Solution We know that the slope of the tangent to a curve is given by a 
X 

d W 
so, es (D) 

dx y 
Separating the variables, equation (1) can be written as 

y? dy = 2x dx an) 
Integrating both sides of equation (2), we get 
| y dy = | 2% ax 

y 

or 3 x +C 3) 


dy 
* The notation — due to Leibnitz is extremely flexible and useful in many calculation and formal 


x 
transformations, where, we can deal with symbols dy and dx exactly as 1f they were ordinary numbers. By 
treating dx and dy like separate entities, we can give neater expressions to many calculations. 


Refer: Introduction to Calculus and Analysis, volume-I page 172, By Richard Courant, 
Fritz John Spinger — Verlog New York. 
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Substituting x = —2, y = 3 in equation (3), we get C=5. 
Substituting the value of C in equation (3), we get the equation of the required curve as 


3 2 
ze +5 or y=(3x* +15) 


Example 14 In a bank, principal increases continuously at the rate of 5% per year. In 
how many years Rs 1000 double itself? 


Solution Let P be the principal at any time t. According to the given problem, 


ap = 5 x P 
dt 100 
dp P 
F n. (1 
or dt 20 a 
separating the variables in equation (1), we get 
dp dt 
r rR ore 
P 20 2) 
Integrating both sides of equation (2), we get 
t 
log P= — +C 
ALA | 
t 
or P= e” e“ 
a 
or P= Ce” (where e“ =C) “an (3) 
Now P= 1000, when t=0 


Substituting the values of P and ¢ in (3), we get C = 1000. Therefore, equation (3), 
gives 
Ea 
P = 1000 e” 
Let t years be the time required to double the principal. Then 


t 


2000 = 1000 ¢2 = r=20log 2 


EXERCISE 9.4 


For each of the differential equations in Exercises | to 10, find the general solution: 


dy 1-—cosx dy 5 
— = Ane —2< y<2 
dx 1+cosx a dx ye vee 
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dy 
3. oe 4. sec’ x tan y dx + sec’ y tan x dy = 0 
: p dy _ 2 p 
5. (œ + e*) dy — (e*-— e*) dx = 0 6. a ee) 
dy 
5 5 
y log y dx — x dy n? 
dy _ : -1 2 
9. Pa X 10. e tan y dx + (1 — e*) sec? y dy = 0 
x 


For each of the differential equations in Exercises 11 to 14, find a particular solution 
satisfying the given condition: 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


d 
(+a? tat = 2x + x; y= 1 whenx=0 
X 
d 
x(? -D =1;y=0 when x22 
os| 2) =< (ae R); y= 1 when x = 0 
dx 


d 
I =ytanx;y= 1 when x = 0 
dx 


Find the equation of a curve passing through the point (0, 0) and whose differential 
equation is y’ =e" sin x. 


For the differential equation xy c =(x+2)(y+2), find the solution curve 
X 


passing through the point (1, —1). 

Find the equation of a curve passing through the point (0, —2) given that at any 
point (x, y) on the curve, the product of the slope of its tangent and y coordinate 
of the point is equal to the x coordinate of the point. 

At any point (x, y) of a curve, the slope of the tangent is twice the slope of the 
line segment joining the point of contact to the point (— 4, —3). Find the equation 
of the curve given that it passes through (—2, 1). 

The volume of spherical balloon being inflated changes at a constant rate. If 
initially its radius is 3 units and after 3 seconds it is 6 units. Find the radius of 
balloon after t seconds. 
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20. Ina bank, principal increases continuously at the rate of r% per year. Find the 
value of rif Rs 100 double itself in 10 years (log 2 = 0.6931). 


21. Inabank, principal increases continuously at the rate of 5% per year. An amount 
of Rs 1000 is deposited with this bank, how much will it worth after 10 years 
(e°> = 1.648). 

22. Ina culture, the bacteria count is 1,00,000. The number is increased by 10% in 2 
hours. In how many hours will the count reach 2,00,000, if the rate of growth of 
bacteria is proportional to the number present? 


d 
23. The general solution of the differential equation — =e"? is 
Xx 


(A) &+er%=C (B) t&+e=C 
(C) e~*+e=C (D) e+e =C 


9.5.2 Homogeneous differential equations 
Consider the following functions in x and y 


F, (x, y) =y + 2xy, F,(, y) = 2x — 3y, 


F, (x, y) = COS (=), F, (x, y) = sin x + cos y 


If we replace x and y by Ax and Ay respectively in the above functions, for any nonzero 
constant A, we get 


F, (Ax, Ay) = AO + 2xy) = AF, y) 
F, (Ax, Ay) = A (2x — 3y) = A F, (x, y) 


F, (Ax, Ay) = cos (52. |=cos >) =)° F Q, y) 


F, (Ax, Ay) = sin Ax + cos Ay # A" F, (x, y), for any n e N 

Here, we observe that the functions F,, F,, F, can be written in the form 
F(Ax, Ay) = A” F (x, y) but F, can not be written in this form. This leads to the following 
definition: 


A function F(x, y) is said to be homogeneous function of degree n if 
F(Ax, Ay) = A” F(x, y) for any nonzero constant À. 


We note that in the above examples, F, F,, F, are homogeneous functions of 
degree 2, 1, 0 respectively but F, is not a homogeneous function. 
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We also observe that 


2 
La y =x (22) xh, z 
x x x 
2 
or F (x, y) = y ess yh, 7 
y y 
F(x, y) = x! (2-2) x'h, >) 
x x 


or F(x, y) = y'| 25-3 |= y'h,| = 
y y 
F(x, y) = x” cos{ 2] 28 h, >) 

i x x 


F(x, y) # x Ng i , for anyn e N 


4 X 
or F(x, y) # Y h, 7 ,foranyne N 


Therefore, a function F (x, y) is a homogeneous function of degree n if 


Fo» aeS) or va =) 
x y 


d 
A differential equation of the form = F (x, y) is said to be homogenous if 


F(x, y) is a homogenous function of degree zero. 


To solve a homogeneous differential equation of the type 


dy y 

—_ = FE X, = ..o 1 

dx (sy) = 8 í x | (1) 
We make the substitution yS se 42) 


Differentiating equation (2) with respect to x, we get 


Wy 
ce ra el) 


d 
Substituting the value of from equation (3) in equation (1), we get 
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T — 








dv 
or X — =g(v)-Vv ae (4) 
dx 
Separating the variables in equation (4), we get 
= (5) 
g(v)-v x E 
Integrating both sides of equation (5), we get 
| m 
| a [—dx+C O 
g0)-v *x 


Equation (6) gives general solution (primitive) of the differential equation (1) when 


we replace v by ua 
X 


i ee. d. 
If the homogeneous differential equation is in the form A = F(x,y) 
y 
where, F (x, y) is homogenous function of degree zero, then we make substitution 


X l ' l l 
— =y 1.€., x = vy and we proceed further to find the general solution as discussed 


above by writing € AW (x,y) = (=| 
dy y 





d 
Example 15 Show that the differential equation (x — y) =x + 2y is homogeneous 


and solve it. 


Solution The given differential equation can be expressed as 


d xt2y 
- = A) 
x x-y 
Let F(x, y) = nai 
X= y 
A(x+2y) 0 
Now F(Ax, Ay) = =A f (x,y) 
A(x-y) 
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Therefore, F (x, y) is ahomogenous function of degree zero. So, the given differential 
equation is ahomogenous differential equation. 


Alternatively, 
dy 1+—— oy y 
x 
eee ee = g| > ep 
dx 12 (2) ©) 
x 


R.H.S. of differential equation (2) is of the form o( 2] and so it is ahomogeneous 


function of degree zero. Therefore, equation (1) is ahomogeneous differential equation. 


To solve it we make the substitution 


y=vx as (3) 

Differentiating equation (3) with respect to, x we get 
CE i 
x Thy ... (4) 


d 
Substituting the value of y and N in equation (1) we get 








1+ 2v 
v+ xXx — = 
l-v 
dv 1+2v 
or x—a z3 — 
dx l-yv 
dv a, 
or A SS 
dx l-v 
v-l — dx 
or f dv = — 
v +v+l1 X 


Integrating both sides of equation (5), we get 


v—l1 dx 
[=a = 
v +v+l1 X 
EEr “joe Ixl 4C 
H v ager” Set 
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=| aves ma ee ee eral 
of v? PHE 27v +v+l1 
l 3 l 
or PE a — loa 21 +6 
(v) (2 
2 2 
l 3 2 2v+1 
L eee a = C 
o = log| v y+ | S an ea og|x|+C, 
or slog|y? + v1] +5 toga? = V3 tan =") +c (Why?) 


Replacing v by 2 , we get 
X 


























2 
y y l 2 -1( 2y+x 
—log|——-+-—4+1|+=l = 43t tG 
or Leiz +++ logx Bin (225) ' 
—log yy x Vian! { 225") c 
| 2y+ 
or gjo? tay +2°))= 25 an| =)+2c, 
J3x 
+2 
or sja? +t y®]= 5 an | *}+c 
3x 


which is the general solution of the differential equation (1) 


d 
Example 16 Show that the differential equation roos >| 
X X 


homogeneous and solve it. 


Solution The given differential equation can be written as 


y COS (2) +x 
A __. 
x cos{ > } 

x 


ay 
d 
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It is a differential equation of the form oF, ee 
x 


y COS 2 |ex 
Here Fay) = - 
x cos| > 
Replacing x by Ax and y by Ay, we get 
A[ycos Z +x] 
x 


F(Ax, Ay) = = [F(x y)] 


A{ xeos | 
x 


Thus, F(x, y) is a homogeneous function of degree zero. 


Therefore, the given differential equation is a homogeneous differential equation. 
To solve it we make the substitution 


gen . (2) 


Differentiating equation (2) with respect to x, we get 


dy = ve i 3 
dx dx ss A2) 


d 
Substituting the value of y and in equation (1), we get 


dv vcosv+l 
v+x— = ———— 
dx COSV 


dv vcosv+l 
x — y 





jd dx ~ COS v 

ae 
E dx  cosv 

dx 
or cosv dv = — 
x 
1 

Therefore | cosy dv = |- dx 
x 
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or sin v = log Ixl + log ICI 


or sin v = log I Cxl 
l bi 
Replacing v by pE we get 


sin(2) = log ICxl 
X 


which is the general solution of the differential equation (1). 


Example 17 Show that the differential equation 2y e’dx+ E -2x e Ja = (is 
homogeneous and find its particular solution, given that, x = 0 when y= 1. 


Solution The given differential equation can be written as 


X 


dg 2x e? py 
—_=f‘S- ax (1) 
dy Z 
2y g 
Dae = 
Let F(x, y) = aS 
2ye” 
Xl 2xe” —y 
Then F (Àx, Ay) = - =A [F(x, y)] 
| 2ye” 


Thus, F(x, y) is a homogeneous function of degree zero. Therefore, the given 
differential equation is a homogeneous differential equation. 


To solve it, we make the substitution 
xX=vy na (2) 
Differentiating equation (2) with respect to y, we get 
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d 
Substituting the value of x and - in equation (1), we get 
y 


dv 2ve”-—l 
v+ y— = ——— 
dy 2e” 
dv 2ve-l 
or y— So T 
dy 2e 
weit 
= u Qe” 
-d 
or 2e dv = = 
7 
d 
or pe -dv = (= 
y 
or 2 e”= — log lyl + C 
Bs 
and replacing v by y , we get 
2e” +leelyl=C .. B) 


Substituting x = 0 and y = 1 in equation (3), we get 
2e°+ log lll=C>C=2 
Substituting the value of C in equation (3), we get 
2e” +loglyl=2 
which is the particular solution of the given differential equation. 


Example 18 Show that the family of curves for which the slope of the tangent at any 





Dg a 
point (x, y on itis ~ > Y is given by x2 —y? = cx. 
xy 


d 
Solution We know that the slope of the tangent at any point on a curve is = 


dy x+y? 


Therefore, —— = 
dx 2xy 
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j Ta m 
or Te — om ue 
dx 2y 
X 


Clearly, (1) is a homogenous differential equation. To solve it we make substitution 
y=vx 


Differentiating y = vx with respect to x, we get 

















dy dv 
— = V+tx— 
dx dx 
do irv 
or v+x— = 
X 2v 
„2 -y 
= dia 2yv 
2 d 
— dv a 
l-v X 
2 d 
or < dv = -4 
v -l1 X 
Therefore | : y dv = -| ne 
vw! X 
or log Iv? — 11 =- log Ixl + log IC, | 
or log |(v? — 1) (x)| = log ICI 
or @~-l1)x=+C, 


Replacing v by ‘ , we get 


2 

y 
(2-1) = + oF 

X 


or Q- x) =C xorx — y’ = Cx 
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EXERCISE 9.5 


In each of the Exercises 1 to 10, show that the given differential equation is homogeneous 
and solve each of them. 


, XTY 
1. (4+ xy) dy = (x + y’) dx 2. y=— 
x 
3. (x-y)dy—-(«+y) dx =0 4. Q -— y’) dx + 2xy dy =0 
dy 
24Y _ 2 4,2 E _ TFE 
5. as x“ — 2y" Ay 6. xdy-ydx= jx +y dx 
7. os (2) + ysin (2) ydx= ly sin (2) — xcos (2 hs dy 
x x x x 
8. vB y+xsin(Ž]=0 9. y dr+ slog{ * Jay —2xdy =0 
dx x X 


10. ie" Jase (1-2 Jay=0 


For each of the differential equations in Exercises from 11 to 15, find the particular 
solution satisfying the given condition: 


11. (x+ y)dy +(x- y) dx =0; y=1 whenx=1 
12. x dy + (xy +y®^ dx = 0; y= 1 whenx=1 


T 
13. [xsin (2)-y [xry when x = 1 


d 
14. #2 scosee{>|=0, y=0whenx=1 
dx x x 


d 
15. ayy? = 2x? = 0; y =2 when x= 1 
X 


dx x 
16. A homogeneous differential equation of the from a = i can be solved by 


making the substitution. 
(A) y=vx (B) v= yx (C) x= vy (D) x=v 
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17. Which of the following is ahomogeneous differential equation? 
(A) (4x + 6y + 5) dy — By + 2x + 4) dx =0 
(B) (xy) dx - xœ + y’) dy =0 
(C) œ + 2y’) dx + 2xy dy = 0 
(D) y? dx + œ — xy - y’) dy =0 
9.5.3 Linear differential equations 
A differential equation of the from 


dy 
—+Py = 
x y=Q 


where, P and Q are constants or functions of x only, is known as a first order linear 
differential equation. Some examples of the first order linear differential equation are 


d 

ae = Sin x 
dy [1 
— + a = x 
dx (~) < 





dy (_y 1 
dx | xlogx A 


Another form of first order linear differential equation is 


dx 
—+Px= 
T thr =Q, 


where, P, and Q, are constants or functions of y only. Some examples of this type of 
differential equation are 


dx —2x 
— +— = ye =y 
dy y 


To solve the first order linear differential equation of the type 


U Pya 
= tPy =Q n. (1) 


Multiply both sides of the equation by a function of x say g (x) to get 


d 
g(a) E + P(g) yE) Eo 
X 
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Choose g (x) in such a way that R.H.S. becomes a derivative of y . g (x). 





dy d 
1.€. g (x) a t P.gx) y= a ly.g œ] 
dy dy ; 
or g (x) Tk + P. g(x) y = g(x) Ag E (x) 
= P. g(x) =g (x) 
n _ g (x) 
g(x) 


Integrating both sides with respect to x, we get 


| Pax = e dx 


8 (x) 
or [P-dx = log (g (x)) 
or g æ) = oPh 


On multiplying the equation (1) by g(x) = el h , the L.H.S. becomes the derivative 


of some function of x and y. This function g(x) = gi "© is called Integrating Factor 
(.F.) of the given differential equation. 


Substituting the value of g (x) in equation (2), we get 
olka Y PNA _ OT 
dx 


or fye) 


dx 


Integrating both sides with respect to x, we get 


oPh _ Jfael”™) 


oY 
F 


or y= el (ae!) dx+C 


which is the general solution of the differential equation. 
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Steps involved to solve first order linear differential equation: 


(1) Write the given differential equation in the form < +Py=Q where P, Q are 
constants or functions of x only. 
(ii) Find the Integrating Factor (IF) = ¢!?* . 
(ii) Write the solution of the given differential equation as 


y (LF) = J(Q*LF)dx+C 
X i 
In case, the first order linear differential equation is in the form a +Px=Q,, 


where, P, and Q, are constants or functions of y only. Then I.F = ¢ "4 and the 
solution of the differential equation is given by 


x. (LF) = [(Q:xLF)dy+C 


Example 19 Find the general solution of the differential equation = y =cosx. 
X 


Solution Given differential equation is of the form 


d 
= + Py = Q , where P = —1 and Q = cosx 


f- aip o 


Therefore I. ES 
Multiplying both sides of equation by I.F, we get 


DLON oe 
-> =e x 
dx á 
d 7 
or (ye x)= e~ cosx 
dx 
On integrating both sides with respect to x, we get 
yer = [e* cosx dx +C n (1) 
Let I= fer cos x dx 





— coss| E ]- fesas (—e *)dx 


2019-20 


410 MATHEMATICS 


—cosxe ~ - Ísin xe” dx 


—cosxe~ -| sin x(-e *)- [cosx (—e ™) dx | 


—cosxe * +sinxe ~% -— | cos xe” dx 
or Į = — e™ cos x + sin x e” -I 
or 21 = (sin x — cos x) e~ 


X 


_ (sinx—cosx)e- 
p 2 
Substituting the value of I in equation (1), we get 


sin x— cosx \ _ 
ye*= kya! "4C 


or I 


2 


sin x — Cos x m 
; y= (ROR. o 


which is the general solution of the given differential equation. 
d 
Example 20 Find the general solution of the differential equation x = + 2y=x" (x40), 


Solution The given differential equation is 


dy 


x—4+2y = y2 oad 
dx A ) 
Dividing both sides of equation (1) by x, we get 
dy 2 
eX T W=x 
dx x 


bese , , l dy 2 
which is a linear differential equation of the type ke +Py=Q, where P= 7 and Q =x. 


So L.F = de dx — p2dlogx — lose = x [as els F(x) = f (x)] 
Therefore, solution of the given equation is given by 
y.x2= |W )dx+C = ['dx+C 


2 
or y= {tex 


which is the general solution of the given differential equation. 
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Example 21 Find the general solution of the differential equation y dx — (x + 2y’) dy = 0. 


Solution The given differential equation can be written as 


1 
This is a linear differential equation of the type “ +Px=Q,, where P =-— and 
y 


= dy F 
O = 2y. Theriore IF=g 2 ag Sg a2 


y 
Hence, the solution of the given differential equation is 


1 
MORR) e»i ]ø+c 
y y 
or — = [ Qay) +C 
‘ 2y+C 
Or — = + 
y y 
or x = 2y*+ Cy 


which is a general solution of the given differential equation. 


Example 22 Find the particular solution of the differential equation 


D NH = 2x + x’ cot x (x #0) 
dx 
T 
given that y = 0 when Z 


d 
Solution The given equation is a linear differential equation of the type = +Py=Q, 
x 


where P = cot x and Q = 2x + x? cot x. Therefore 


fcotx dx | 


LF= e e!9SINX_ dnx 


Hence, the solution of the differential equation is given by 


y. sin x = | (2x + x? cot x) sin x dx + C 
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or y sin x = [2x sin x dx + |x cos x dx + C 
, ees 2x? ; 
or y sin x = sin x} —— — | cosx — dx+ |x cos x dx +C 
2 2 
or y sin x = x sin x= | x? cosx dx+ | x? cosx dx+C 
or y sin x = x° sin x + C el 


T 
Substituting y = 0 and x= 3 in equation (1), we get 





2 
0= 2 sin k +C 
2 2 
J 
or C= = 
4 


Substituting the value of C in equation (1), we get 


2 
P 2 œ 
ysnx= xX Sn a 


2 





or ya ę (sin x #0) 


nx 


which is the particular solution of the given differential equation. 


Example 23 Find the equation of a curve passing through the point (0, 1). If the slope 
of the tangent to the curve at any point (x, y) is equal to the sum of the x coordinate 
(abscissa) and the product of the x coordinate and y coordinate (ordinate) of that point. 


d 
Solution We know that the slope of the tangent to the curve is - 


Therefore, 
or XY =x (1) 


d 
This is a linear differential equation of the type f + Py =Q , where P =- xand Q =x. 


2 


|-x dx 


Therefore, I.F=e =e 
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Hence, the solution of equation is given by 
ye? = J@ (Zac -O 


Let I= |(x)e? dx 


2 
Let = =t, then = x dx = dt or x dx = — dt. 


2 
=X 


Therefore, | —|e'dt =e =-e 2 


Substituting the value of I in equation (2), we get 


ye? = e gta” 


2 
X 


or y=-1+Ce? .. B) 
Now (3) represents the equation of family of curves. But we are interested in 
finding a particular member of the family passing through (0, 1). Substituting x = 0 and 
y = | in equation (3) we get 
1=-1+C.e° or C=2 


Substituting the value of C in equation (3), we get 


(=P-1+2¢2 


which is the equation of the required curve. 


EXERCISE 9.6 


For each of the differential equations given in Exercises | to 12, find the general solution: 


d d 
1. OY +2y =sin x 2, e eT 


: x 
dx dx dx x 


4 3 dY Y 2 


4. ie ae E O<x< = 5. oe tans O<x<= 
dx 2 dx 2 


d 2 
6. e aa log x 7. xlog x + y=“logx 
dx dx X 


8. (1 + x’) dy + 2xy dx = cot x dx (x + 0) 
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dy 
9, x 
d 


—+y-—x+xycotx=0 (x#0) 10. a ae 
a dx 


d 
11. ydx+(x-y’) dy=0 12. (x+3y?)7 =y (y >0). 


For each of the differential equations given in Exercises 13 to 15, find a particular 
solution satisfying the given condition: 


13. Oyen ne when pms 
dx 3 


14. At); when x=1 
dx X 


1+ 


15. 2- 3 ycot x=sin 2x yaz when x= 


16. Find the equation of a curve passing through the origin given that the slope of the 
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of 
the point. 


17. Find the equation of a curve passing through the point (0, 2) given that the sum of 
the coordinates of any point on the curve exceeds the magnitude of the slope of 
the tangent to the curve at that point by 5. 


d 
18. The Integrating Factor of the differential equation x —y=2x" is 
1 
(A) e> (B) e” om (D) x 
19. The Integrating Factor of the differential equation 


dy) ya = ay(-l<y<\l) is 
y 





| — l e e 
(A) y? | (B) E 4 (C) y (D) I- y? 
Miscellaneous Examples 


Example 24 Verify that the function y = c, e™ cos bx + c, e“ sin bx, where c,, c, are 
arbitrary constants is a solution of the differential equation 


d'y 


ae -2a + (a +b*) y=0 
x xX 
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Solution The given function 1s 
y =e [c, cosbx + c, sinbx] (1) 


Differentiating both sides of equation (1) with respect to x, we get 


dy ax : 3 ax 
=e |—bc, sinbx + bc, cosbx|+|c, cosbx + c, sinbx |e“ -a 
dy 
or Pr e“[(bc, + ac,)cosbx+ (ac, — bc )sin bx] (A 


Differentiating both sides of equation (2) with respect to x, we get 
dY a 
a = e“ |(bc, +ac)(—bsinbx)+ (ac, —bc )(bcosbx)] 
X 


+ [(bc, +ac)cosbx+ (ac, —bc,) sinbx] e”.a 


= e“[(a’ c, —2abc, —b’c,) sinbx + (a? c, + 2abc, —b*c,) cosbx] 


2 


Substituting the values of =e and y in the given differential equation, we get 
x 


L.H.S. 


e™[a°c, —2abe, —b’c,)sinbx+(a’c, +2abc, —b*c,) cos bx] 
—2ae™ [(bc, +ac, )cosbx+ (ac, —bc,)sin bx] 
+(a’ +b )e“ [e, cosbx+c, sin bx] 


(a’c, —2abe, —b’c, —2a’c, + 2abe, +a°c, +b°c, )sin bx 
a 


Flac + 2abc,—b’c, —2abc, —2a’c, +a’c, +b*c )cos bx 


e“[0xsinbx +Ocosbx] =e" x0=0 = R.H.S. 
Hence, the given function is a solution of the given differential equation. 


Example 25 Form the differential equation of the family of circles in the second 
quadrant and touching the coordinate axes. 


Solution Let C denote the family of circles in the second quadrant and touching the 
coordinate axes. Let (—a, a) be the coordinate of the centre of any member of 
this family (see Fig 9.6). 
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Equation representing the family C is 
(x+a}+ Oy -af =g ove CL) 
or x° + y? +2ax-2ay+a=0 oa (2) 


Differentiating equation (2) with respect to x, we get 








a aa = 
dx dx 
dy dy 
x+ y— = a| —-I1 
S r E l 
+yy , 
or Pom 2 aes Fig 9.6 
y -l 


Substituting the value of a in equation (1), we get 


,72 Van) 2 7,92 
+ + + 
a Hy- _ xt yy 
y-l ‘fe: yN 











or [xy -x +x +y yP by -y-x-yyf=ht+yyl 
or (x +y y” + k tyf x ty yP 
or «x+y? (GO)? AL Sik + y yF 


which is the differential equation representing the given family of circles. 


Example 26 Find the particular solution of the differential equation log E ) =3x+4y 
X 


given that y = 0 when x = 0. 


Solution The given differential equation can be written as 


dy = eS + 4y) 
dx 
d 
or =e. e” .. (D) 
dx 
Separating the variables, we get 
d 
aA sgn udr 
e 
Therefore Je* dy = [eax 
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ety a 
or 4 = 3 +C 
or 4e%*4+3e%4+12C=0 a (2) 


Substituting x = 0 and y = 0 in (2), we get 


=7 
4+3+12C=0o0 C= — 
+3 + Or 7 


Substituting the value of C in equation (2), we get 
4e*%+3e%7-7=0, 
which is a particular solution of the given differential equation. 
Example 27 Solve the differential equation 
(x dy — y dx) y sin 2 = (y dx + x dy) x cos (2). 


Solution The given differential equation can be written as 


patet fom (sho>a( 


y I oe 
xycos} = |+ y^ sin| — 
dy r X a X 


or Je — 
í wsi?) cos >] 
x x 


Dividing numerator and denominator on RHS by x’, we get 


d 
Clearly, equation (1) is a homogeneous differential equation of the form - ie z } 


To solve it, we make the substitution 


aa es vig (2) 
dy dv 
or —_ = p+ x— 
dx dx 
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2 œ 
dy vcosv+yv’ sinv 














or v+x re aa Pore (using (1) and (2)) 
dv 2v COSV 
or "E r 
dx v SiN Vv — COS V 
ke 2 dx 
or — |dv = — 
VCOSV x 
vsin v — cos V 1 
Therefore J (E a = 2| = de 
VCcOsyV x 
or ftanvdv—[+dy = 2[—as 
V x 
or log|secyv|—log|v| = 2log|x!+log!C, | 
Sec v 
or log z| =logICl 
sec V 
or = + C. ead) 
Vx 


Replacing v by 7 in equation (3), we get 


Sec t 
(7) = C where, C=+C, 
ie 

X 


or ee 2) =C xy 
x 
which is the general solution of the given differential equation. 


Example 28 Solve the differential equation 
(tany — x) dy = (1 + y’) dx. 


Solution The given differential equation can be written as 


dx x tan'y 





— + — (d 
dy lty ly () 
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Now (1) is a linear differential equation of the form S +P x=Q, 
y 


1 








l tan` y 
where, P = and Q, = . 
l l+y? - iey 
$ y 
Therefore, LFS d ly pny 


Thus, the solution of the given differential equation is 
tan'y tan'y 
ye™ Pal Ges: | dy +C 


e 
Da = | = g Je ” dy 
+y 











1 
Substituting tan™ y = ft so that f ; k =dt , we get 
WY 


[= |tedt=te -fi e dt=te> e= e (t- 1) 


or T= e® y (tanty —1) 


Substituting the value of I in equation (2), we get 
at} O eA (tan 'y—1)+C 


or x = (tan 'y-1)+C ay 


which is the general solution of the given differential equation. 


Miscellaneous Exercise on Chapter 9 


419 


£ (2% 


1. For each of the differential equations given below, indicate its order and degree 


(if defined). 
d*y dy i dy i dy . 
a 5x | —6y=losx i) | — 1-4 — | +7y= sinx 
N z = a, a (z wj 
d'y {dy 
Gii) Eron SF |-o 
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2. For each of the exercises given below, verify that the given function (implicit or 
explicit) is a solution of the corresponding differential equation. 


ay dy 


Gi) xy=ae+be*+x I —xy+x’ -2=0 
d’ d 
(ii) y= e (acosx+bsinx) : D 2 +2y= 0 
d'y 
(il) y= x sin 3x : a ee 
d 
(iv) x? = 2y° log y (x? + y?)— ay =0 


3. Form the differential equation representing the family of curves given by 
(x -aY + 2y* = a’, where a is an arbitrary constant. 

4. Prove that x° — y? = c (x? + y’)* is the general solution of differential equation 
(x? — 3x y?) dx = °? — 3x*y) dy, where c is a parameter. 


5. Form the differential equation of the family of circles in the first quadrant which 
touch the coordinate axes. 





dy |l-y? 
6. Find the general solution of the differential equation = + i A =0, 
x =x 
dy ytytil_,. 
7. Show that the general solution of the differential equation — +-;———— = 0 is 


dx x +x+l1 
given by (x+y + 1)=A(1 —x-— y -— 2xy), where A is parameter. 


T 
J whose differential 


8. Find the equation of the curve passing through the point (0 4 


equation is sin x cos y dx + cos x sin y dy = 0. 
9. Find the particular solution of the differential equation 
(1 +e”) dy + (1 + y’) æ dx = 0, given that y = 1 when x = 0. 


10. Solve the differential equation y e dx = í xe? + y Ja (y#0). 


11. Finda particular solution of the differential equation (x — y) (dx + dy) = dx — dy, 
given that y=—1, when x = 0. (Hint: put x — y = t) 
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-24x 
Solve the differential equation E — £ ad =1(x#0). 


vx Vx Jdy 





d 
Find a particular solution of the differential equation = + ycotx = 4x cosec x 
b 


T 
(x+ 0), given that y = 0 when x= > 


d 
Find a particular solution of the differential equation (x + 1) r =2 e?” -— 1, given 


that y = 0 when x = 0. 


The population of a village increases continuously at the rate proportional to the 
number of its inhabitants present at any time. If the population of the village was 
20, 000 in 1999 and 25000 in the year 2004, what will be the population of the 
village in 2009”? 


ydx-xdy O ig 
A 
(A) xy=C (B) x = Cy’ (C) y=Cx (D) y= Cx 


The general solution of the differential equation 


dx 
The general solution of a differential equation of the type Ty +Px=Q; is 
y 


(A) yet —[(Qel®*)ayec 
(B) yc? (gel) d+c 
(C) xel” * =[(Qel?”)ay+c 


(D) x el? "L flae" p T C 


The general solution of the differential equation e* dy + (y e* + 2x) dx = 0 is 
(A) xe +x7=C (B) xæ+y =C 
(C) yeæe+xr =C (D) yæ+x =C 
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Summary 
An equation involving derivatives of the dependent variable with respect to 
independent variable (variables) is known as a differential equation. 


Order of a differential equation is the order of the highest order derivative 
occurring in the differential equation. 

Degree of a differential equation is defined if it is a polynomial equation in its 
derivatives. 

Degree (when defined) of a differential equation is the highest power (positive 
integer only) of the highest order derivative in it. 


A function which satisfies the given differential equation is called its solution. 
The solution which contains as many arbitrary constants as the order of the 
differential equation is called a general solution and the solution free from 
arbitrary constants is called particular solution. 


To form a differential equation from a given function we differentiate the 
function successively as many times as the number of arbitrary constants in 
the given function and then eliminate the arbitrary constants. 


Variable separable method is used to solve such an equation in which variables 
can be separated completely i.e. terms containing y should remain with dy 
and terms containing x should remain with dx. 


A differential equation which can be expressed in the form 


d d 
== f (x,y) or T= g(x, y) where, f (x, y) and g(x, y) are homogenous 
Xx 7 


functions of degree zero is called a homogeneous differential equation. 


d 
A differential equation of the form m +Py = Q , where P and Q are constants 
x 


or functions of x only is called a first order linear differential equation. 


Historical Note 


One of the principal languages of Science is that of differential equations. 


Interestingly, the date of birth of differential equations is taken to be November, 
11,1675, when Gottfried Wilthelm Freiherr Leibnitz (1646 - 1716) first put in black 


and white the identity | iy > ; y” , thereby introducing both the symbols J and dy. 
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Leibnitz was actually interested in the problem of finding a curve whose tangents 
were prescribed. This led him to discover the ‘method of separation of variables’ 
1691. A year later he formulated the ‘method of solving the homogeneous 
differential equations of the first order’. He went further in a very short time 
to the discovery of the ‘method of solving a linear differential equation of the 
first-order’. How surprising is it that all these methods came from a single man 
and that too within 25 years of the birth of differential equations! 


In the old days, what we now call the ‘solution’ of a differential equation, 
was used to be referred to as ‘integral’ of the differential equation, the word 
being coined by James Bernoulli (1654 - 1705) in 1690. The word ‘solution was 
first used by Joseph Louis Lagrange (1736 - 1813) in 1774, which was almost 
hundred years since the birth of differential equations. It was Jules Henri Poincare 
(1854 - 1912) who strongly advocated the use of the word ‘solution’ and thus the 
word ‘solution’ has found its deserved place in modern terminology. The name of 
the ‘method of separation of variables’ is due to John Bernoulli (1667 - 1748), 
a younger brother of James Bernoulli. 


Application to geometric problems were also considered. It was again John 
Bernoulli who first brought into light the intricate nature of differential equations. 
In a letter to Leibnitz, dated May 20, 1715, he revealed the solutions of the 
differential equation 

X y” = 2y, 

which led to three types of curves, viz., parabolas, hyperbolas and a class of 
cubic curves. This shows how varied the solutions of such innocent looking 
differential equation can be. From the second half of the twentieth century attention 
has been drawn to the investigation of this complicated nature of the solutions of 
differential equations, under the heading ‘qualitative analysis of differential 
equations’. Now-a-days, this has acquired prime importance being absolutely 
necessary in almost all investigations. 


n >, a 
“9 
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